Time-dependent correlation function of the Jordan-Wigner operator as a
  Fredholm determinant by Zvonarev, M. B. et al.
ar
X
iv
:0
81
2.
40
59
v2
  [
co
nd
-m
at.
oth
er]
  3
1 J
ul 
20
09
Time-dependent correlation function of the
Jordan-Wigner operator as a Fredholm determinant
M. B. Zvonarev∗, V. V. Cheianov†, T. Giamarchi‡
October 30, 2018
Abstract
We calculate a correlation function of the Jordan-Wigner operator in a class of
free-fermion models formulated on an infinite one-dimensional lattice. We repre-
sent this function in terms of the determinant of an integrable Fredholm operator,
convenient for analytic and numerical investigations. By using Wick’s theorem, we
avoid the form-factor summation customarily used in literature for treating similar
problems.
1 Introduction and main results
In this paper we investigate the correlation function
D(λ;n, t) = 〈TOj(t)O†j′(0)〉, n = j − j′ (1.1)
of the Jordan-Wigner operator
Oj = eiλNj , (1.2)
where
Nj =
j∑
m=−∞
̺m, ̺m = c
†
mcm. (1.3)
The operator c†m (cm) is the fermion creation (annihilation) operator at the m-
th lattice cite of an infinite one-dimensional (1D) lattice. These operators obey
canonical anticommutation relation, {cm, c†m′} = δmm′ . The symbol T in Eq. (1.1)
stands for the time ordering. The function (1.1) is a 2π-periodic function of a real
parameter λ. The time evolution of the operators in Eq. (1.1) is generated by the
free-fermion Hamiltonian
H =
∫ π
−π
dk
2π
ξk c˜
†
k c˜k, c˜k =
∑
m
e−ikmcm, (1.4)
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Figure 1: Shown is an example of the single-particle energy ξk as the function of quasi-
momentum k in the first Brillouin zone, −pi ≤ k ≤ pi (solid line). For the ground state
average standing in Eq. (1.1) the k-space states between −kF and kF are occupied with
fermions. This is illustrated with the bold line.
where ξk is the single-particle energy as a function of the Bloch quasimomentum in
the first Brillouin zone, −π ≤ k ≤ π. For simplicity we assume that the equation
ξk = 0 has only two solutions k = ±kF . In this case, the ground state average 〈· · · 〉
in Eq. (1.1) is taken over the Fermi sea of fermions filling the single particle states
between −kF and kF :
nF (k) = 〈c˜†k c˜k〉 =
{
1, k ∈ [−kF , kF ]
0, otherwise
. (1.5)
An example of ξk satisfying Eq. (1.5) is shown in Fig. 1.
The goal of the paper is to derive a Fredholm determinant representation for the
function (1.1). This representation was used in our recent paper [1] to investigate
correlation functions in the 1D Bose-Hubbard model with spin. However, in Ref. [1]
we neither give the explicit expressions (1.6)–(1.12) nor explain a way they can be
obtained. It is important to stress that the function (1.1) appears not only in the
Bose-Hubbard model with spin. In the regime of strong interparticle repulsion it
is possible for a broad class of models carrying spin and charge degrees of freedom
to factorize spin and charge dynamics in such a way that the charge part is fully
described by the function (1.1). This was demonstrated in Refs. [2, 3, 4, 5, 6, 7, 1]
by representing the original correlation function as a convolution of the charge
correlation function (1.1) with some spin correlation function of the Heisenberg
model (see, for example, Eq. (3.5) of Ref. [2], Eq. (8) of Ref. [3], Eq. (11) of
Ref. [1], etc.). The authors [2, 3, 4, 5, 6, 7] do not give Fredholm determinant
representation for the function (1.1), analyzing it by other methods. An approach
complementary to the one of Refs. [1, 2, 3, 4, 5, 6, 7] is used in Refs. [8, 9]. There 1D
gas of bosons (and fermions) with spin is considered in a limit of infinitely strong
short-range interparticle repulsion. The explicit expressions for the correlation
functions are obtained by summing up matrix elements of the transitions to the
intermediate states (form-factors summation technique). The results have the form
of a Fredholm determinant convolved with some weight function. When compared
with the predictions of Refs. [1, 2, 3, 4, 5, 6, 7] these results can be unfolded to the
form of the convolution of some spin correlation function with the function (1.1).
This way one can indeed get the Fredholm determinant representation for the
function (1.1). However, in our opinion, it is easier to calculate the determinant
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directly, as explained in our paper. We note that correlation functions similar
to the one defined by Eq. (1.1) appear in the analysis of many other important
1D systems. The number of works on the subject is large and we, unfortunately,
cannot give the exhaustive list of references here. They include the studies of the
Tonks-Girardeau gas [10, 11, 12, 13], impenetrable anyons [14, 15], XY Heisenberg
chain [16, 17, 18, 19, 20, 21], non-linear quantum hydrodynamics [22], and the full
counting statistics of quantum transport [23].
The Fredholm determinant representation for the correlation function (1.1)
reads
D(λ;n, t) = det(Iˆ + Kˆ), (1.6)
where Kˆ is a linear integral operator
(Kˆf)(k) =
∫ kF
−kF
dp
2π
K(k, p)f(p) (1.7)
with the integral kernel
K(k, p) = 2
ℓ+(k)ℓ−(p)− ℓ−(k)ℓ+(p)
tan k−p2
− 2i [ℓ+(k)ℓ−(p)− ℓ−(k)ℓ+(p)] (1.8)
defined on [−kF , kF ]× [−kF , kF ]. The functions entering this kernel are defined as
follows:
ℓ−(k) =
1√
2
1
z(k)
(1.9)
and
ℓ+(k) =
1√
2
[
sinλ
2
z(k) +
1− cos λ
2
E(k)
z(k)
]
, (1.10)
where
E(k) =
∫ 2π
0
dq
2π
z2(q)− z2(k)
tan q−k2
(1.11)
and
z(k) = e
i
2
(nk−ξkt). (1.12)
The linear integral operator with the kernel (1.8) belongs to the class of integrable
operators, introduced in Refs. [24, 25], see also Ref. [13] for further discussion. For
the particular case of λ = π the kernel (1.8) appears in Refs. [19, 20, 21] for the XY
Heisenberg chain and in Ref. [12] for the impenetrable Bose gas. The integrable
operator obtained in Refs. [8, 9] coincide with ours up to a finite rank operator. The
continuum limit of the kernel (1.8) is encountered in the theory of impenetrable
anyons [15].
In some of the above mentioned works (for example, in Ref. [16], see also Ref. [18]
for the list of references and detailed discussion) Wick’s theorem is used to get the
determinant representation of correlation functions, in others form-factor summa-
tion technique is employed. Within the form-factor approach the calculations have
to be carried out in a finite system, and the thermodynamic limit is applied to the
end result only. In contrast, Wick’s theorem approach makes possible to work in
the thermodynamic limit from the very beginning. Though less rigorous, the latter
approach enjoys the advantage of being minimalist. In particular, it avoids con-
structing the determinant representation for the function (1.1) in the system with
a finite number of particles and, therefore, significantly simplifies the presentation
as compared with the form-factor approach. This motivates the use of the Wick’s
theorem in the present work.
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Figure 2: Shown are two sets of points: S1, Eq. (2.9), and S2, Eq. (2.10), and the
enumeration of their elements used in Eq. (2.13).
2 Derivation of the results
Consider a countable set M of points in space-time. For brevity we shall use the
notation ̺(x) ≡ ̺j(t), c(x) ≡ cj(t) and c†(x) ≡ c†j(t) for the operators at the point
x = (j, t) from M. For an arbitrary function γ :M→ C consider the average
〈T
∏
x∈M
[1 + γ(x)̺(x)]〉 = 1 +
∞∑
Q=1
∑
MQ⊂M
〈T
∏
x∈MQ
γ(x)c†(x)c(x)〉, (2.1)
where the inner sum is taken over all distinct subsets MQ of M containing Q ele-
ments. Applying Wick’s theorem to the average on the right hand side of Eq. (2.1)
we get
〈T
∏
x∈MQ
γ(x)c†(x)c(x)〉 = detM(MQ). (2.2)
In this expression detM(MQ) denotes the determinant of a Q×Q matrix, which
for a given enumeration x1, . . . , xQ of the elements of MQ is defined by
[M(MQ)]a,b = γ(xa)G(xa − xb), a, b = 1, . . . , Q. (2.3)
Here
G(x) ≡ G(j, t) = −〈Tcj(t)c†0〉, G(j, 0) ≡ lim
ǫ→0
G(j,−ǫ) (2.4)
is the T -ordered single-particle Green’s function. Combining Eqs. (2.4) and (2.2)
we find
〈T
∏
x∈M
[1 + γ(x)̺(x)]〉 = det(Iˆ + Kˆ). (2.5)
where Kˆ is a linear endomorphism of the linear space V (M) of complex-valued
functions on M :
(Kˆf)(x) =
∑
x′∈M
γ(x)G(x− x′)f(x′), f ∈ V (M). (2.6)
Let us now apply the formula (2.5) to the correlation function (1.1). Using the
identity ̺2j = ̺j following from the anti-commutativity of fermionic fields we get
eiλ̺j = 1 + γ̺j, γ ≡ eiλ − 1. (2.7)
4
The equation (1.1) is then written as
D(λ;n, t) = 〈T
∏
x∈S1
[1 + γ̺(x)]
∏
x∈S2
[1 + γ∗̺(x)]〉, (2.8)
where
S1 = {x : x = (n+ 1− a, t), a ∈ N∗} , (2.9)
S2 = {x : x = (1− a, 0), a ∈ N∗} (2.10)
and
N
∗ = 1, 2, 3, . . . . (2.11)
The right hand side of Eq. (2.8) can be expressed as a determinant, Eq. (2.5),
where Kˆ is a linear endomorphism of V (S1 ∪ S2) = V (S1)⊕ V (S2). We represent
Kˆ as a 2× 2 matrix
Kˆ =
(
Kˆ11 Kˆ12
Kˆ21 Kˆ22
)
, Kαβ : V (Sα)→ V (Sβ), α, β = 1, 2. (2.12)
Using the enumeration of elements of S1 and S2 defined in Eqs. (2.9) and (2.10)
and shown in Fig. 2 we write a matrix element of the representation (2.12):
[Kˆ]a,b =
(
γ∗G(b− a) γ∗G(b− a− n,−t)
γG(b− a+ n, t) γG(b− a)
)
, a, b ∈ N. (2.13)
It is convenient to extend this definition to a, b ∈ Z by introducing
[Uˆ ]a,b =
{
Ka+1,b+1, (a, b) ∈ Z+ × Z+
0, (a, b) ∈ (Z × Z)\(Z+ × Z+) , (2.14)
where
Z
+ = 0, 1, 2, 3, . . . Z = 0,±1,±2,±3, . . . . (2.15)
Since det(Iˆ + Uˆ) = det(Iˆ + Kˆ) we get for Eq. (2.8)
D(λ;n, t) = det(Iˆ + Uˆ). (2.16)
Defining the Fourier transform by
f(j) =
∫ π
−π
dk
2π
eikj f˜(k), f˜(k) =
∞∑
j=−∞
e−ikjf(j) (2.17)
and applying it to Eq. (2.14) we express Uˆ as a linear integral operator
(Uˆ f˜)(k) =
∫ π
−π
dk
2π
U(k, p)f˜(p) (2.18)
with the integral kernel
U(k, p) =
∫ π
−π
dq
2π
∞∑
a,b=0
e−iq(a−b)eikae−ipbu(q), (2.19)
where
u(q) =
(
γ∗G˜(q) γ∗G˜(q,−t)e−inq
γG˜(q, t)einq γG˜(q)
)
. (2.20)
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The function G˜ entering Eq. (2.20) is the Fourier transform of Green’s func-
tion (2.4):
G˜(q, t) = −θ(t > 0)[1 − nF (q)]e−iξqt + θ(t < 0)nF (q)e−iξqt, (2.21)
where ξq is the single-particle energy, Eq. (1.4), and nF (q) is the Fermi-Dirac
function (1.5). Performing the summation in Eq. (2.19) we obtain
U(k, p) =
∫ π
−π
dq
2π
η(k − q)η(q − p)u(q), (2.22)
where
η(k) =
1
1− eik−ǫ (2.23)
and ǫ is an infinitesimal positive constant.
Next, we note that
u(q) = v(q) + w(q), (2.24)
where
v(q) =
(
0 0
−γz2(q) 0
)
(2.25)
and
w(q) = nF (q)
(
γ∗ γ∗z−2(q)
γz2(q) γ
)
. (2.26)
The function z(q) is defined by Eq. (1.12). Using the decomposition (2.24) we write
Uˆ = Vˆ + Wˆ , where
V (k, p) =
∫ π
−π
dq
2π
η(k − q)η(q − p)v(q) (2.27)
and
W (k, p) =
∫ π
−π
dq
2π
η(k − q)η(q − p)w(q). (2.28)
It follows from Eq. (2.25) that Vˆ 2 = 0. This implies
(Iˆ + Vˆ )−1 = Iˆ − Vˆ and det(Iˆ + Vˆ ) = 1. (2.29)
Using the identities (2.29) we rewrite Eq. (2.16) as
D(λ;n, t) = det[Iˆ + (Iˆ − Vˆ )Wˆ ]. (2.30)
The integral operator Wˆ can be represented as a product
Wˆ = AˆBˆ, (2.31)
where the operators Aˆ and Bˆ possess the following integral kernels
A(k, q) = η(k − q)a(q) B(q, p) = η(q − p)b(q) (2.32)
and
a(q) =
(
0 γ∗z−1(q)
0 γz(q)
)
nF (q), b(q) =
(
0 0
z(q) z−1(q)
)
nF (q). (2.33)
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Since det(Iˆ + AˆBˆ) = det(Iˆ + BˆAˆ) we rewrite equation (2.30) as
D(λ;n, t) = det[Iˆ + Bˆ(Iˆ − Vˆ )Aˆ]. (2.34)
It follows from Eqs. (2.32) and (2.33) that
Bˆ(Iˆ − Vˆ )Aˆ =
(
0 0
0 Kˆ
)
, (2.35)
where
Kˆ = Bˆ21Aˆ12 + Bˆ22Aˆ22 − Bˆ22Vˆ21Aˆ12. (2.36)
The expression on the right hand side of (2.36) is evaluated with the help of identity
∫ π
−π
dq
2π
η(k − q)η(q − p) = η(k − p) (2.37)
which gives for the integral kernel of the operator Kˆ in Eq. (2.36)
K(k, p) = [γ∗z(k)z−1(p) + γz−1(k)z(p)]η(k − p)
+ γγ∗z−1(k)z−1(p)
∫ π
−π
dq
2π
η(k − q)η(q − p)z2(q). (2.38)
The identity
η(k − q)η(q − p) = η(k − p)[η(k − q)− η(p − q)] (2.39)
allows us to represent the last term in (2.38) as
∫ π
−π
dq
2π
η(k− q)η(q− p)z2(q) =
{
1
2
[z2(k) + z2(p)] + f(k)− f(p)
}
η(k− p), (2.40)
where
f(k) =
1
2i
∫ π
−π
dq
2π
z2(q)− z2(k)
tan q−k2
+
1
2
∫ π
−π
dq
2π
z2(q). (2.41)
Substituting Eq. (2.40) into (2.38) we arrive at the expressions (1.7)–(1.12) for the
integral kernel of the operator (2.36). Combining this result with Eqs. (2.34) and
(2.35) we arrive at Eq. (1.6).
3 Conclusion
UsingWick’s theorem we derived a Fredholm determinant representation, Eqs. (1.6)–
(1.12), of the time-dependent correlation function (1.1) of the Jordan-Wigner op-
erator (1.2). Generalization to other operators of the Jordan-Wigner type, such
as cjOj , and ̺jOj, is straightforward within this approach. The obtained rep-
resentation can be used to investigate the charge dynamics in the antiferromag-
netic [2, 3, 4, 5], spin-incoherent [8, 9, 4, 5, 26, 27, 28, 29, 30, 31, 32], and spin-
polarized [1, 6, 7, 33] 1D gases. It would also be interesting to generalize the
calculations given here to the finite-temperature case, in particular, in view of the
current interest to the anyon problem [14, 15]. Another possible use of the deter-
minant representation is to investigate the applicability range of the low-energy
effective field theory (bosonization) description of the functions (1.1). The latter
description is known [34] to suffer from Stokes-like phenomena such as the loss of
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the λ-periodicity of the large n, t asymptotics of the function (1.1). A way to get a
λ-periodic asymptotics could be the use of the technique based on the asymptotic
solution of the matrix Riemann-Hilbert problem. This technique, developed in
Refs. [35, 36, 37] proved to be very helpful (see, for example, [28, 38] and references
therein) for the analysis of the asymptotic behavior of the Fredholm determinants
with a kernel of the type (1.8).
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